The aim of this paper is to classify two dimensional trianguline representations of padic fields. This is a generalization of a result of Colmez who classified two dimensional trianguline representations of Gal(Qp/Qp) by using (ϕ, Γ)-modules over Robba ring. In this paper, we classify two dimensional trianguline representations of Gal(K/K) for general p-adic field K by using B-pairs defined by Berger.
Introduction

Notations
Let p be a prime number. K is a finite extension of Q p .K is a fixed algebraic closure of K. K 0 is the maximal unramified extension of Q p in K. K nor is the Galois closure of K in K. G K := Gal(K/K) is the absolute Galois group of K equipped with Krull topology. O K is the integer ring of K. In this paper, we fix a uniformizer π K ∈ O K . k := O K /π K O K is the residue field of K. q = p f := ♯k is the order of k. K ∞ := K(ζ p ∞ ) is the extension of K obtained by adjoining p n -th roots of unity ζ p n for every n ∈ N. K ′ 0 is the maximal unramified extension of Q p in K ∞ , so
p is the p-adic cyclotomic character which factors through the inclusion Γ K ֒→ Z × p (i.e. g(ζ p n ) = ζ χ(g) p n for any p n -th roots of unity ζ p n and for any g ∈ G K ). C p := K is the p-adic completion ofK, which is an algebraically closed p-adically complete field. O Cp is its integer ring. E is a finite extension of Q p such that K nor ⊂ E. In this paper, we will write E as coefficient of representations. χ LT : G K → O
Introduction
In this paper, we study two dimensional trianguline representations of any p-adic field K. Trianguline representation is a class of p-adic representations of G K . When K = Q p , these are studied by many people and are used to study eigenvarieties or p-adic Langlands correspondence. Trianguline representations probably first appeared in Kisin's paper [Ki] , where he did not explicitly define trianguline representations, but essentially he studied some deformation spaces of two dimensional trianguline representations of G Qp to study the local structure of ColemanMazur eigencurve. Then, in the paper [Bel-Ch], Bellaïche and Chenevier generalized Kisin's method and studied higher dimensional trianguline representations of G Qp to study higher dimensional eigenvarieties. The first one who defined trianguline representations is Colmez, who defined trianguline representations by using (ϕ, Γ K )-modules over Robba ring. He studied two dimensional trianguline representations of G Qp to study p-adic Langlands correspondence for GL 2 (Q p ). In the paper [Co07a] , he completely classified two dimensional trianguline represen-tations of G Qp and determined the parameter space of trianguline representations. Then, by using this classification, he and Berger-Breuil studied p-adic Langlands correspondence for two dimensional trianguline representations of G Qp ([Be-Br], [Co04] , [Co07b] ). As we can see from these results, trianguline representation of G Qp is very important and very useful for studies of the relations between Galois representations and automorphic representations.
The main purpose of this paper is to generalize Colmez's classification to the case where K is any finite extension of Q p . In the case K = Q p , by now we have little knowledge about p-adic Langlands correspondence for GL 2 (K) except a paper of Breuil-Paskunas ([Br-Pa] ). So we expect that our classification will be used to the study of p-adic Langlands correspondence for GL 2 (K). Now we explain the contents of this paper.
In the first section, we review some facts about B-pairs. A B-pair is a pair W := (W e , W In the second section, we study a relation between two dimensional trianguline representations and local Langlands correspondence for GL 2 (K). Let V be a two dimensional potentially semi-stable E-representation of G K . Fontaine defined a two dimensional Weil-Deligne representationD pst (V ) := D pst (V ) ⊗ K un 0 ⊗ Qp EK of K from the filtered (ϕ, N, G K )-module D pst (V ) := ∪ K⊆L,finite (B st ⊗ Qp V ) GL . By local Langlands correspondence for GL 2 (K), we can attach an irreducible smooth admissible representation π(D pst (V ) ss ) of GL 2 (K) (herē D pst (V ) ss is the semi-simplification ofD pst (V )). Irreducible smooth admissible representations of GL 2 (K) are classified into supercuspidal ones and non supercuspidal ones (i.e. one dimensional representations, principal series or special series). Then the main result of this section is the following. (1) V ⊗ E E ′ is a trianguline E ′ -representation for some finite extension E ′ of E.
(2) π(D pst (V ) ss ) is non supercuspidal.
In the third section, we define Galois cohomology of B-pairs and we recall Liu's results about generalizations of Tate duality theorem and of Euler-Poincaré characteristic formula to B-pairs. By using these and standard techniques, we calculate the extension group of rank one E-B-pairs and an important subgroup of it.
In the fourth section, we classify all two dimensional trianguline E-representations and determine the parameter spaces of all the two dimensional trianguline E-representations. First we put
• S + := {(δ 1 , δ 2 )|δ 1 , δ 2 : K × → E × continuous characters such that val p (δ 1 (π K )) + val p (δ 2 (π K )) = 0, val p (δ 1 (π K )) ≥ 0}.
Then, for any (δ 1 , δ 2 ) ∈ S + , we put S(δ 1 , δ 2 ) := P E (Ext 1 (W (δ 2 ), W (δ 1 ))), here Ext 1 (W (δ 2 ), W (δ 1 )) is the group of extensions of W (δ 1 ) by W (δ 2 ) in the category of E-B-pairs and for any E-vector space M , we put
Then any element s ∈ S(δ 1 , δ 2 ) corresponds to a rank two trianguline E-B-pair W (s) which sits in a following short exact sequence
Here W (δ) is the rank one E-B-pair defined in Theorem 0.1 for any continuous character δ :
We will also define a certain subspace S ′ non−ét (δ 1 , δ 2 ) ⊆ S(δ 1 , δ 2 ). Then our main result of this section is as follows. (1) There is a two dimensional E-representation V (s) such that W (s)
(2) s / ∈ S ′ non−ét (δ 1 , δ 2 ).
Moreover we can determine when we have V (s) ∼ → V (s ′ ) for distinct parameters s ∈ S(δ 1 , δ 2 ) \ S ′ non−ét (δ 1 , δ 2 ), s ′ ∈ S(δ In the final section, we classify all the two dimensional potentially semi-stable trianguline E-representations and explicitly describe their E-filtered (ϕ, N, G K )-modules. First we put
• T cris := {(δ 1 , δ 2 , {k σ } σ )|δ 1 , δ 2 : K × → E × locally constant characters, k σ ∈ Z for any σ : K ֒→ E, such that ( σ k σ ) + e K val p (δ 1 (π K )) = −e K val p (δ 2 (π K )) ≥ 0}.
For any (δ 1 , δ 2 , {k σ } σ ) ∈ T cris , we will define a certain parameter space Té t cris (δ 1 , δ 2 , {k σ } σ ) and for any x ∈ Té t cris (δ 1 , δ 2 , {k σ } σ ), we will attach a two dimensional potentially cristalline E-representation V (δ1,δ2,{kσ }σ),x . Then our main result on the classification of potentially cristalline trianguline E-representations is as follows. (1) V is trianguline and potentially cristalline.
(2) There exist some (δ 1 , δ 2 , {k σ } σ ) ∈ T cris and x ∈ Té t cris (δ 1 , δ 2 , {k σ } σ ) and {w σ } σ such that w σ ∈ Z for any σ : K ֒→ E, such that V ∼ → V (δ1,δ2,{kσ }σ),x ( σ σ(χ LT ) wσ ).
Moreover we can explicitly calculate the E-filtered (ϕ, G K )-module D (δ1,δ2,{kσ }σ),x attached to V (δ1,δ2,{kσ}σ ),x and we can determine when we have an isomorphism V (δ1,δ2,{kσ }σ),x
for distinct parameters (Corollary 5.6, 5.7). We can also classify all the two dimensional potentially semi-stable trianguline E-representations which are not potentially cristalline (Theorem 5.8).
This paper is originally the author's doctor thesis at University of Tokyo. The author would like to express his sincere gratitude to his thesis advisor Prof. Atsushi Shiho for valuable discussion and reading the manuscript carefully. This paper could never have existed without his constant encouragement.
B-pairs and (ϕ, Γ K )-modules
In this section, we recall the definitions and some properties of B-pairs and (ϕ, Γ K )-modules. In particular, we recall the results of Berger concerning the equivalence between the category of B-pairs and the category of (ϕ, Γ K )-modules over Robba ring.
Review of p-adic period rings and the definition of B-pair
We begin this section by recalling some p-adic period rings and by recalling the definition of B-pair. First let E + := lim ← −n O Cp = lim ← −n O Cp /pO Cp , where the limits are taken with respect to p-th power maps. It is known that E + is a complete valuation ring of characteristic p whose valuation is defined by val(x) := val p (x (0) ) (here x = (x (n) ) ∈ lim ← −n O Cp and val p is the valuation on C p such that val p (p) = 1 p ). In this paper, we fix p n -th root of unity {ε (n) } n≥0 such that ε (0) = 1, (ε (n+1) ) p = ε (n) , ε (1) = 1. Then ε := (ε (n) ) is an element of E + such that val(ε − 1) = p/(p − 1). E := E + [1/(ε − 1)] is the fraction field of E + , which is known to be an algebraically closed complete valuation field of characteristic p containing the subfield F p ((ε − 1)). G K acts on these rings in natural way. We put A + := W ( E + By inverting p, we get a surjection B + → C p . We put B + dR := lim ← −n B + /(Ker(θ)) n , which is a complete discrete valuation ring with residue field C p . Let A max be the p-adic completion of
p ], wherep := (p (n) ) is an element in E + such that 
Definition 1.1. An E-representation of G K is a finite dimensional E-vector space V with a continuous E-linear action of G K . (We call E-representation for simplicity when there will be no risk of confusion about K.)
Next we define E-B-pair, which is the E-coefficient version of B-pair. 
Here G K acts on B ? ⊗ Qp E by g(x ⊗ y) := g(x) ⊗ y for any g ∈ G K , x ∈ B ? , y ∈ E for ? ∈ {e, dR}. Let W j := (W e,j , W + dR,j , ι j ) be E-B-pairs for j = 1, 2. Then the morphism f := (f e , f dR ) : W 1 → W 2 is defined as follows.
(1) f e ; W e,1 → W e,2 is a B e ⊗ Qp E-linear G K -morphism.
(3) f e and f dR are compatible with ι 1 and ι 2 , i.e.
We simply call a B-pair when E = Q p , then this definition is the same as that of Berger [Be07] .
is an E-B-pair of G K . By the fundamental short exact sequence, it is easy to see that the functor V → W (V ) is a fully faithful functor from the category of E-representations of G K to the category of E-B-pairs of G K ( [Be07] ).
The category of E-B-pairs is not an abelian category since cokernels of morphisms do not exist in general. We define the concept of exactness in the category of B-pairs. 
Im(f dR ), i.e. Ker(f ) and Im(f ) are B-pairs. Because these maps are all E-linear, Ker(f ) and Im(f ) are E-B-pairs. follows from this.
Next we recall the generalization of the usual p-adic Hodge theory to the case of B-pairs. First we recall the definition of filtered (ϕ, N, G K )-module over K.
We say that W is potentially cristalline (resp potentially semi-stable,
(W )) = rank Be (W e ) for ? = cris (resp. ? = st, resp. ? = dR) for some finite Galois extension L of K.
For a potentially semi-stable E-B-pair W and for sufficiently large
is induced from the action of ϕ and N on B log and from the action of
st (W ) from the category of potentially semi-stable E-B-pairs of G K which are semi-stable E-B-pairs of G L to the category of E-filtered (ϕ, N, Gal(L/K))-modules over K. Berger generalized padic monodromy theorem and "weakly admissible implies admissible" theorem to the case of B-pairs. 
realizes an equivalence of categories between the category of potentially cristalline E-B-pairs of
Next we recall some facts about Sen's theory for B-pairs. Let U be a C p -representation of G K , i.e., U is a finite dimensional C p -vector space equipped with a continuous semi-linear G K -action. Then the union U HK fini of finite dimensional sub-K ∞ -vector spaces of U HK which are stable by Γ K is the largest subspace with this property and satisfies [Be07, 2.3] and the reference there). Then U HK fini is equipped with a K ∞ -linear operator ∇ U := log(γ)/log(χ(γ)) for any γ ∈ Γ K which is sufficiently close to 1.
. Then we say that W is HodgeTate if Θ Sen,W is diagonalizable and all the eigenvalues are contained in Z. Then we call these eigenvalues the Hodge-Tate weights of W .
(ϕ, Γ K )-modules over Robba ring
In the paper [Be07] , Berger established the equivalence between the category of B-pairs and the category of (ϕ, Γ K )−modules over Robba ring B † rig,K . In this subsection, we first recall the general facts about ϕ-modules over Robba rings following [Ke06] and next recall the construction of Robba ring B † rig,K and the definition of (ϕ, Γ K )-modules over B † rig,K following [Be02] .
In applications of (ϕ, Γ K )-modules to p-adic Hodge theory, the notion of slope and the slope filtration theorem of Kedlaya are very important. So we recall the general fact about slopes of ϕ-modules over general Robba ring and the slope filtration theorem of Kedlaya. Let L be a complete discrete valuation field of characteristic zero, O L its integer ring, k L the residue field of L. π L is a uniformizer of L. Then we define the Robba ring of L by R L := {f (x) := k∈Z a n x n |a n ∈ L, f (x) converges for any x such that r ≤ |x| < 1 for some r < 1}.
We assume that there is an endomorphism φ L : L → L which is a lifting of the q = p fth power Frobenius on k L for some f ∈ N and we assume that there is an endomorphism
The category of φ-modules over R L is not an abelian category because the cokernel of a morphism is not a free R L -module in general. So it is important to know when the cokernel is free.
is a discrete valuation field with the integer ring 
. Next we define pure slope φ-modules. Before defining this, we need to recall some definitions. Definition 1.17. Let M be a φ-module over R L and let a be a positive integer. Then we define the a-pushforward
First we define pure slope zero φ-modules, which are calledétale φ-modules. 
From the above definition, if M is anétale φ-module over R L , then it is easy to see that deg(M ) = 0 and µ(M ) = 0. On this setting, we define pure slope φ-modules as follows. ( We put e L the absolute ramified index of L.) 
Proof. [Ke06, Theorem1.7.1].
Next we recall the construction of Robba ring B † rig,K and some related rings following [Be02] . First, for rational numbers 0 ≤ r ≤ s ≤ +∞, we put A [r,s] 
Next we define B † K,rig and B † K . We put
A K0 is a complete discrete valuation ring such that p is a prime element, the residue field is E K0 := k((ε − 1)) and the fraction field is B K0 . We can show that A K0 ⊂ A and B K0 ⊂ B. ϕ and the action of G K on A preserves A K0 and ϕ(π) = (π + 1) p − 1 and g(π) = (π + 1) χ(g) − 1 for any g ∈ G K . Let A be the p-adic completion of the maximal unramified extension of A K0 in A, B be its fraction field. Then ϕ and the action of G K also preserve A and B. We put
†,r . By definition, these rings are equipped with natural actions of ϕ and Γ K . If we put
by the theory of fields of norm. A K is a complete discrete valuation ring such that p is a prime element, the residue field is E K and the fraction field is B K . Let K ′ 0 be the maximal unramified extension of K 0 in K ∞ . For sufficiently large r > 0 such that a prime element π EK ∈ E K lifts toπ EK ∈ B †,r K , it is known that B †,r 
When E = Q p , we omit the notation Q p in the above definition, i.e. we simply call (ϕ, Γ K )-modules over B † rig,K .
Next we prove a lemma concerning the freeness over B † rig,K ⊗ Qp E of an E-ϕ-modules.
Ee σ is a Robba ring with coefficients in E, i.e. they are non canonically isomorphic to R E . The action of ϕ is given by ϕ(a ⊗ be σ ) = ϕ(a) ⊗ be σϕ −1 | E ′ 0 for any a ∈ B † rig,K and b ∈ E and σ ∈ I. Because ϕ| E ′ 0 transitively acts on I, so ϕ transitively acts on the components of this decomposition. 
Proof. The claim that D is pure follows from the above theorem. We prove that µ(D) is contained in 1 f eE Z by using the Γ K structure on D. First we consider the following short exact sequence of finite groups
Here we put E
. On this setting, we consider a rank one E-(ϕ,
We calculate the slope of D as follows. Let e 1 be a base of
,id E such that γ(βe 1 ) = αe γ −1 . Because the actions of ϕ and γ commute, we have ϕ
. Repeating this procedure, we get ϕ
which is the natural extension of the valuation of (B † rig,K ) bd = B † K . Because ϕ and γ does not change valuation, we have
We have finished the proof of this lemma.
Next we prove a lemma concerning a relation between tensor products and slopes. 
,σ E which is pure of slope f f ′′ s i for any σ and
rig,K which is pure of slope s 1 + s 2 in the same way as the proof of Lemma 1.27 and by using [Ke06, Lemma 1.6.3].
Equivalence between B-pairs and (ϕ, Γ K )-modules
In this subsection, we recall a result of Berger on the equivalence between the category of Bpairs and the category of (ϕ, Γ K )-modules over B † rig,K . First we recall the construction of a functor from (ϕ,
. It is equipped with semi-linear G K -action. On the other hand, for sufficiently large r 0 > 0, we can take unique Γ K -equivalent finite free B †,r
and showed that there is a canonical Proof. For Q p -coefficient case, it was proved by Berger ([Be07, Theorem 2.2.7]). From the construction of W (D), it is easy to check that E-(ϕ, Γ K )-modules correspond to E-B-pairs, so the result follows.
Remark 1.30. We can also define an inverse functor from the category of B-pairs to the category of (ϕ, Γ K )-modules ([Be07, 2.2]), but in this paper, we do not need this construction. So we omit the definition of this functor. We denote this inverse functor by W → D(W ). Using these equivalences, we define the rank of E-B-pairs as follows. 
If we restrict the functor
Remark 1.33. Because we could not prove whether W e is a free B e ⊗ Qp E-module or not, so we cannot define the rank of W := (W e , W + dR ) as rank Be⊗ Qp E (W e ). Definition 1.34. Let W be an E-B-pair and s ∈ Q. Then we say that W is pure of slope s if D(W ) is pure of slope s. 
Proof. This follows from Theorem 1.26 and Theorem 1.29.
Lemma 1.36. Let W be a rank one E-B-pair. Then W is pure and its slope is contained in
Proof. This follows from Lemma 1.27. Now we can define trianguline E-representations and trianguline E-B-pairs. Definition 1.37. Let W be an E-B-pair. We say that W is a trianguline E-B-pair if there is
(2) For any i, the quotient W i+1 /W i is a rank one E-B-pair.
Let V be an E-representation. We say that V is a trianguline E-representation if W (V ) is a trianguline E-B-pair.
In this paper, we would like to classify two dimensional trianguline E-representations. For this purpose, first we need to classify rank one E-B-pairs, which is the subject of the next subsection. Before finishing this subsection, we define tensor products and duals of E-B-pairs. Let W i := (W e,i , W + dR,i ) be E-B-pairs for i = 1, 2. We want to define the tensor product of W 1 and W 2 as E-B-pair. Because we do not know whether W e,i are free B e ⊗ Qp E-modules or not, we do not know whether W e,1 ⊗ Be⊗ Qp E W e,2 is a free B e -module or not, i.e. we cannot define naively
Concerning tensor products, we need a following lemma later. Proof. By definition of the tensor product of E-B-pairs and of the inverse functor W from the category of (ϕ, Γ K )-modules to the category of B-pairs, it suffices to show that B
(p−1)p n−1 for sufficiently large n. To prove this isomorphism, it suffices to show that
for sufficiently large n. We prove this claim as follows. ⊗ Qp E-modules. Then
for sufficiently large n. We have finished the proof of this lemma.
Next we define the dual of an E-B-pair W := (W e , W + dR )) i.e. we define as the dual as Q p -B-pair (not as E-B-pair) on which E acts by af : W e → B e : x → f (ax) for a ∈ E and f ∈ Hom Be (W e , B e ) and in the same way in W + dR -part. This is an E-B-pair.
Classification of rank one E-B-pairs
In this subsection, we classify rank one E-B-pairs. By lemma 1.36, any rank one E-B-pairs are pure and their slopes are contained in a special rank one E-B-pair W 0 which is pure of slope 1 f eE . To construct this, first we define a rank one E-filtered ϕ-module D 0 over K, which corresponds to W 0 by D 
Ee σ be a free rank one K 0 ⊗ Qp E-module. We define a filtered ϕ-module structure on D 0 as follows. Define a K 0 ⊗ Qp E-semi-linear action of ϕ on D 0 by ϕ(e id ) := e ϕ −1 , ϕ(e ϕ −1 ) := e ϕ −2 , · · · , ϕ(e ϕ −(f −2) ) := e ϕ −(f −1) , ϕ(e ϕ −(f −1) ) := π E e id , i,e a ϕ-module such that ϕ f = π E . We define a decreasing filtration on By "weakly admissible imply admissible" theorem for B-pairs (Theorem 1.11 (3)),
Proof. Because W 0 is rank one, W 0 is pure by Lemma 1.36. So it suffices to show that the slope of W 0 is equal to 
f eE by definition of the slopes of E-B-pairs.
By using W 0 , we can classify all the rank one E-B-pairs as follows. Let δ : K × → E × be a continuous character where K and E are equipped with p-adic topology. We put δ(π
Then by local class field theory, this extends uniquely to a continuous characterδ 0 : 
So, these are isomorphic as E-filtered ϕ-modules. Theorem 1.43. Let W be a rank one E-B-pair. Then there exists unique continuous character δ :
Proof. Let W be a rank one E-B-pair. 
The uniqueness is clear from this construction.
Next we review some results concerning Hodge-Tate weight for rank one E-B-pairs. Let W (δ) be a rank one E-B-pair for some continuous character δ :
. Then, by [Be-Co, Proposition 4.1.2] and the remark after this propositon, D Sen (W (δ)) is a free K ∞ ⊗ Qp E-module of rank one and the operator Θ Sen,W (δ) acts by multiplication by w on D Sen (W (δ)) for some w ∈ K ⊗ Qp E. If we decompose w into σ-components K ⊗ Qp E ∼ → ⊕ σ:K֒→E Ee σ : w → (w σ e σ ), then we call {w σ } σ the generalized Hodge-Tate weight of W (δ). Then W (δ) is Hodge-Tate B-pair if and only if w σ is contained in Z for any σ.
2 A relation between two dimensional trianguline representations and classical local Langlands correspondence for GL 2 (K)
In this section, we study a relation between two dimensional trianguline representations and classical local Langlands correspondence for GL 2 (K).
Classical local Langlands correspondence for GL 2 (K)
First we recall classical local Langlands correspondence for 
Next we recall Fontaine's recipe to construct aK-Weil-Deligne representation from a po-
GL is a free K un 0 ⊗ Qp E-module of rank d equipped with the natural (ϕ, N, G K )-action on which ϕ and G K act semi-linerly and N acts linearly. We define a continuous action of
. By using the fixed embeddings E ֒→K and K un 0 ֒→K, we define a map K un ⊗ Qp E →K. Extending scalar by this map, we get ā
So we get a functor V →D pst (V ) from the category of potentially semi-stable E-representations of G K to the category ofK-Weil-Deligne representations of K.
Next, for aK-Weil-Deligne representationD of K, we recall the definition of L-factor ofD. Let us fix an isomorphismK ∼ → C. By this isomorphism, we can seeD as a C-Weil-Deligne representation of K. PutJ :=D N =0,IK =1 , the subspace ofD on which N = 0 and I K acts trivially. Let σ ∈ W K be an element such that deg(σ) = −1. Then σ acts onJ and this action does not depend on the choice of a lifting σ. Then we define the L-factor ofD by
For a two dimensional semi-simpleK-Weil-Deligne representationD, we can define an irreducible smooth admissible representation π(D) of GL 2 (K) as in [Bu-He, 33.1] (if we fix a nontrivial additive smooth character ψ : K → C × ). The irreducible smooth admissible representations of GL 2 (K) are classified into non supercuspidal ones (i.e. one dimensional representations or principal series representations or special series representations) and supercuspidal ones. We do not recall these definitions here. We only need the following proposition concerning this correspondence. (1) π(D ss ) is non supercuspidal.
(2) There is a continuous unitary character δ : 
Two dimensional trianguline representations and non supercuspidal representations
Let V be a two dimensional potentially semi-stable E-representation of G K . Then π(D pst (V ) ss ) is an irreducible smooth admissible representation of GL 2 (K). In this subsection, we prove a relation between two dimensional trianguline E-representations and non supercuspidal representations of GL 2 (K).
Before stating the main result of this section, we characterize two dimensional trianguline E-representation in terms of D (1) V is a trianguline E-representation.
(2) There exists a continuous character δ :
Proof. First we prove that (1) implies (2). Assume that V is a trianguline E-representation. By definition, W (V ) sits in a following short exact sequence of E-B-pairs
Here W i are rank one E-B-pairs for i = 1, 2. By Theorem 1.43 and by the construction W (δ) for any δ :
. If we twist the above exact sequence by the character δ 
, then we have ϕ(e 0,k1 + · · · e f −1,k1 ) = (π k1 E e 0 + e 1 + · · · e f −1 )(e 0,k1 + · · · + e f −1,k1 ). In particular, (e 0,k1
× . So we have proved that (1) implies (2). Next we prove that (2) implies (1). Assume that D K cris (V (δ)) ϕ=α = 0 for a character δ :
Because V is trianguline if and only if V (δ) is trianguline, we may assume that V = V (δ). Let us take a nonzero x ∈ D K cris (V ) ϕ=α . We consider the sub E-filtered ϕ-module D 1 ⊆ D K cris (V ) of rank one which is generated by x. Then by Theorem 1.11 (3), we have a natural inclusion of E-B-pairs
is an E-B-pair of rank one by Theorem 1.11 (3) . Taking the saturation W (D 1 )
sat of W (D 1 ) in W (V ) (Lemma 1.8), we get a short exact sequence of E-B-pairs
Here W 2 is the cokernel of W (D 1 ) sat ֒→ W (D), which is an E-B-pair of rank one. So V is a trianguline E-representation. We have finished the proof of this proposition.
The main theorem of this section is as follows.
Theorem 2.4. Let V be a two dimensional potentially semi-stable E-representation of G K . Then the following conditions are equivalent:
Proof. First we prove that (1) implies (2). Assume that V ⊗ E E ′ is a trianguline E-representation for a finite extension E ′ of E. By construction, we have π(
In this case, we claim that we can take δ which is a potentially cristalline character. We show this claim as follows. In the proof of Proposition 2.3, W (V ) sits in a following short exact sequence of E-B-pairs
where
) and W 2 are rank one E-B-pairs. In this case, because W (V ) is a potentially semi-stable E-B-pair, W 1 is also a potentially semi-stable E-B-pair. Because W 0 is a cristalline E-B-pair by definition, so
is also potentially semistable. So δ ′ is a potentially cristalline character because rank one semi-stable E-representations are cristalline. Then, as in the proof of Proposition 2.3, if we put δ := δ ′ −1 , then we have
So we have proved the claim. For this δ, we havē
, here K un is the maximal unramified extension of K. By using the fact that N is nilpotent on D pst (V (δ)) and that I K acts discretely on it, we can easily see thatJ
ϕ=α and consider the action of σ on x as Weil-Deligne representation (here σ is an element in W K such that deg(σ) = −1), then we have ρ(σ)(
Sō J has a non zero eigenvector of σ, hence we get L(D pst (V (δ)), s) = 1. So we have proved that (1) implies (2) by Proposition 2.2.
Next we prove that (2) implies (1). Let V be a two dimensional potentially semi-stable E-representation such that π(D pst (V ) ss ) is non supercuspidal. Then, by Proposition 2.2, L(D pst (V ) ⊗KK(δ), s) = 1 for a unitary character δ : W K →K × . By this we can take a non zero eigenvector x ∈ (D pst (V )⊗KK(δ)) N =0,IK =1 of σ ∈ W K with a non zero eigenvalue β ∈K × . If we take E large enough, we may assume that δ factors through E × and β ∈ E × . Because δ is unitary, it is easy to see that there exists a potentially unramified character δ ′ : 
we take E large enough, we may assume that x is contained in D id e id . If we put e :
is a trianguline E-representation. So V is also a trianguline E-representation. We have finished the proof of the theorem. 
Calculations of cohomologies of B-pairs
E) is the trivial E-B-pair.) Next we review Liu's results which are generalizations of Tate duality and EulerPoincare characteristic formula to the case of B-pairs. Finally we will calculate some Galois cohomologies of E-B-pairs which we need for classification of two dimensional trianguline Erepresentations.
Definition of Galois cohomology of B-pairs
Let W := (W e , W + dR ) be a B-pair. We define the complex of 
Here the right hand side is the usual Galois cohomology of a complex of continuous G K -modules which are computed by using continuous cochain complexes.
By definition, we have the following long exact sequence
By this, we get the following.
(
(2) There exists the exact sequence of Q p -vector space
Next, for any E-B-pair, we would like to construct a canonical isomorphism
where the right hand side is the extension group in the category of E-B-pairs. For any con-
(1) C 0 (V ) := V ,
By using this expression, we define a map H 1 (G K , W ) → Ext 1 (B E , W ) as follows. Let (f 1 , f 2 , α) ∈ Ker(δ 1 ). Then we define an E-B-pair X := (X e , X + dR , ι) as follows:
(1) X e := W e ⊕ (B e ⊗ Qp E)e cris on which G K acts by g(x, ae cris ) := (gx + gaf 1 (g), gae cris ) for any x ∈ W e , a ∈ B e ⊗ Qp E and g ∈ G K .
(2) X Because (f 1 , f 2 , α) ∈ Ker(δ 1 ), we can easily see that X is a well-defined E-B-pair which sits in the following short exact sequence
So we can see the isomorphism class [X] of the extension X as an element in Ext
1 (B E , W ). By construction, we can easily see that this defines an E-linear morphism Ker(δ 1 ) → Ext 1 (B E , W ). Then, by standard argument, we see that this morphism factors through Ker(δ 1 )/Im(δ 0 ) → Ext 1 (B E , W ) and that this is in fact E-linear isomorphism. So we get the following proposition.
Proposition 3.2. Let W be an E-B-pair. Then we have the following functorial E-linear isomorphisms.
is the E-vector space of morphisms in the category of E-B-pairs from W 1 to W 2 for any E-B-pairs W 1 , W 2 .
Proof. We have already proved (2). For (1), it is easy to see that (W e ∩W + dR ) GK = Hom(B Qp , W ) for any Q p -B-pair W . Because Hom(B Qp , W ) = Hom(B E , W ) for any E-B-pair W (here on the left hand side, we see W as Q p -B-pair), we get (1).
Remark 3.3. In the case of
In the application to classification of E-B-pairs, we need to know when an extension is cristalline, semi-stable or de Rham E-B-pair. So, as in the case of usual Galois cohomology of p-adic representations, we define H 
Here the above maps are induced by the natural maps 
Proof. The proof is the same as that in the case of p-adic representation ([Bl-Ka, Lemma 3.8.1]), but we give the proof for the convenience of readers. Consider the following short exact sequence
From this we have 
The dimension formulas are as follows.
Proposition 3.7. Let W be a de Rham E-B-pair. Then we have
Proof. This proof is essentially the same as that of [Bl-Ka, Corollary 3. Tensoring by W e over B e , we can easily see that C • (W ) is naturally quasi-isomorphic to ϕ) x, x − y)) (Here we put W cris := B cris ⊗ Be W e ). So, by definition of H 1 f and by the above lemma, we have the following two exact sequences
From these, we get the desired formulas.
Review of Liu's result; a generalization of Tate duality theorem to B-pairs
In this subsection, we review Liu's results genaralizing some fundamental results of Tate on Galois cohomology of p-adic representations, following [Ke07] . Liu constructed a category of B-quotients, which is a minimal abelian category in which the category of B-pairs is contained as full subcategory. Then he defined the Galois cohomology of B-quotients as the univerasl δ-functor of H 
In this peper, we review the results only for B-pairs.
(2) We have
. (3) There is a natural perfect pairing
Here the last isomorphism is the one which appears in usual Tate's duality.
Proof. [Ke07, Theoem 8.1].
Remark 3.9. The above perfect pairing is defined by using (ϕ, Γ K )-modules and the equivalence between B-pairs and (ϕ, Γ K )-modules ([Ke07, p.8]). On the other hand, we can define a pairing
in the usual way by using cocycles. If we identify H
) as above, then we can check that the both pairings are same by using the fact that
Let W be an E-B-pair. Then by (2) above and the remark before the above theorem, we have
Dividing this equality by [E :
Q p ], we get the following dimension formula.
Proposition 3.10. Let W be an E-B-pair. Then we have Proof. This proof is also essentially same as that in the case of p-adic representations (cf.
[Bl-Ka, Proposition 3.8]).
To classify rank two trianguline E-B-pairs, we need to calculate the dimension of Ext 1 (W (δ 2 ), W (δ 1 )) for any continuous characters δ 1 , δ 2 :
). We will calculate this in the following ways.
Lemma 3.12. For any embedding σ : K ֒→ E, we put σ(x) :
Then for any {k σ } σ (k σ ∈ Z for any σ), we have an isomorphism of E-B-pairs
Proof. First we prove that there is an isomorphism
here id : K ֒→ E is the given embedding. We decompose id(x) : 
So, in this case, we have proved the lemma. In the case where σ:K֒→E σ(x) kσ = σ(x) for some σ, we can prove the lemma in the same way. By tensoring these, we can prove the lemma for any σ:K֒→E σ(x) kσ .
Let Proposition 3.14. Let δ :
Lemma 3.13. There is an isomorphism W (E(χ))
Proof. If we assume that H 0 (G K , W (δ)) = 0, then there is a non zero morphism f : B E → W (δ) of E-B-pairs because H 0 (G K , W (δ)) = Hom(B E , W (δ)). Then by Lemma 1.6, Ker(f ) and Im(f ) are also E-B-pairs. Because B E is a rank one E-B-pair, one of Ker(f ) and Im(f ) must be zero. Because f = 0 we have Im(f ) = 0 and Ker(f ) = 0, i.e. f must be injective. So we have an injection f : B e ⊗ Qp E ֒→ W (δ) e of free B e -modules of the same rank. By [Be07, Lemma 2.1.4], the cokernel is also a free B e -module. So the cokernel must be zero, so f :
kσ ) by Lemma 3.12. In this case, it is clear that Hom(B E , W (δ)) = E, so we have proved the proposition.
By this proposition and Liu's Euler-Poincaré formula, we can calculate the dimension of Ext 1 (W (δ 2 ), W (δ 1 )) as follwows.
Proof. By Lemma 3.13 and Proposition 3.14, we have
kσ such that k σ ≥ 0 for any σ.
So we have the desired result by Corollary 3.10.
To classify two dimensional trianguline E-representations, we need to know which extension class in Ext 1 (W (δ 2 ), W (δ 1 )) is of the form [W (V )] for some two dimensional E-representation V . For this problem, the next exact sequence is very important. Let δ : K × → E × be a continuous character and let {k σ } σ:K֒→E be k σ ∈ Z ≥0 for any σ. We consider the natural inclusion of E-B-pairs W (δ) ֒→ W (δ) ⊗ W ( σ:K֒→E σ(x) −kσ ) = W (δ σ:K֒→E σ(x) −kσ ) which is obtained by tensoring with W (δ) the natural inclusion B E ֒→ W ( σ:K֒→E σ(x) −kσ ). Then, by Lemma 1.39 and Lemma 3.12, we have
As for B e -part, we can prove in the same way as the proof of Proposition 3.14 that W e (δ)
−kσ ). So we have the following short exact sequence of complexes of G Kmodules
for any σ where the last tensor product is taken by the projection to the σ-component of B
From this short exact sequence, we get the following long exact sequence Then there is an isomorphism of E-vector spaces
Here Ee σ is a one dimensional E-vector space with base e σ .
Proof. It suffices to show that H
But, by definition of generalized Hodge-Tate weight, for any i ∈ Z and σ, we have H By definition, for any continuous character δ : K × → E × , we have the following short exact sequence
Here ∆ : E → ⊕ σ.w(δ)σ∈Z ≥1 Ee σ is the diagonal map.
Proof. By definition of W (δ), it is easy to see that W dR (δ)
for some {k σ } σ such that k σ ∈ Z for any σ. Then, by Lemma 3.12, we have δ = σ:K֒→E σ(x) kσ . In this case, we have D
Combining these computations, we get the lemma.
Next we compare the following two maps, one is the boundary map
of the exact seuence before Lemma 3.16 and the other is the natural map
From the proof of Lemma 3.17, we can see that the natural map f :
GK is an isomorphism. On the other hand, we have a natural map
Lemma 3.18. With the above notations, we have
Proof. This follows easily from diagram chase.
Classification of two dimensional trianguline E-representations
In this section, we classify two dimensional trianguline E-representations. Let W be a rank two trianguline E-B-pair such that [W ] ∈ Ext 1 (W (δ 2 ), W (δ 1 )) for some continuous characters δ 1 , δ 2 : K × → E × . First we study a necessary condition of (δ 1 , δ 2 ) in order for W to be of the form W = W (V ) for some E-representation V .
Proof. By definition, W = W (V ) sits in the following short exact sequence of E-B-pairs
is also pure of slope 0. By the slope filtration theorem for E-B-pairs (Theorem 1.35), W (δ 1 ) must be pure of slope ≥ 0. These imply that valp(δ1(πK ))+valp(δ2(πK )) f = 0 and
We have proved the lemma.
To describe the classification of two dimensional trianguline E-representations, let us introduce several notations. First let us put
By Lemma 4.1, for classifying two dimensional trianguline E-representations, it suffices only to consider trianguline E-B-pairs W such that [W ] ∈ Ext 1 (W (δ 2 ), W (δ 1 )) for some (δ 1 , δ 2 ) ∈ S + . (E(δ 1 )) ) and W (δ 2 ) ∼ → W (V (E(δ 2 )) ) for some continuous charactersδ 1 ,δ 2 :
First we classify two dimensional trianguline
Proof. "If" part is trivial. Let us assume that W (δ 1 )⊕W (δ 2 ) ∼ → W (V ) for some two dimensional E-representation V . So W (δ 1 ) ⊕ W (δ 2 ) is pure of slope zero. If W (δ 1 ) is not pure of slope zero, then this is pure of slope u > 0 by the assumption that (δ 1 , δ 2 ) ∈ S + . Then W (δ 2 ) is pure of slope −u < 0 because (δ 1 , δ 2 ) ∈ S + . Then we have the exact sequence
Then the slope filtration theorem for E-B-pairs (Theorem 1.35) implies that W (δ 1 ) ⊕ W (δ 2 ) is not pure of slope zero. This is a contradiction.
This lemma says that two dimensional trianguline
So, in this case, we finish the classification.
From now on, we only consider trianguline E-B-pairs W such that [W ] = 0 ∈ Ext 1 (W (δ 2 ), W (δ 1 )). For any (δ 1 , δ 2 ) ∈ S + , let us put
Here, for any finite dimensional E-vector space M , we denote
Next, for any (δ 1 , δ 2 ) ∈ S + , we define a subset S ′ (δ 1 , δ 2 ) ⊆ S(δ 1 , δ 2 ) by
where we see S ′ (δ 1 , δ 2 ) as a subset of S(δ 1 , δ 2 ) by the following natural inclusion
Then, by Lemma 3.17, S ′ (δ 1 , δ 2 ) is non canonically isomorphic to
where these isomorphisms depend only on the choice of E-linear isomorphisms in Lemma 3.17.
Finally we define the subset S ′é t (δ 1 , δ 2 ) of S ′ (δ 1 , δ 2 ) as follows. When δ 1 /δ 2 = σ:K֒→E σ(x) kσ for any {k σ } such that k σ ∈ Z for any σ, we fix an isomorphism S ′ (δ 1 , δ 2 ) ∼ → P E (⊕ σ,w(δ1/δ2)σ∈Z ≥1 Ee σ ) as above and identify these two spaces. Then let us put
When δ 1 /δ 2 = σ:K֒→E σ(x) kσ for some {k σ } σ such that k σ ∈ Z for any σ, we fix an isomor-
) as above and identify these two spaces. Then let us put
We put
Then we can easily see that the subsets
Remark 4.3. When K = Q p , S(δ 1 , δ 2 ) is one point or P E (E) and S ′ (δ 1 , δ 2 ) is empty or one point or P E (E) and S ′é t (δ 1 , δ 2 ) is empty or one point or P E (E). If we compare this parameter space and Colmez's one ([Co07a, 4.3]), then we have
For any s ∈ S(δ 1 , δ 2 ), we denote W (s) an extension of W (δ 1 ) by W (δ 2 ) defined by s. The isomorphism class of W (s) as E-B-pair depends only on the class s. By definition, W (s) is a trianguline E-B-pair which sits in a following non-split short exact sequence of E-B-pairs
We determine when W (s) is of the form W (V (s)) for some E-representation V (s). The following proposition is a generalization of [Co07a, Proposition 4.7].
Theorem 4.4. Let s ∈ S(δ 1 , δ 2 ) for (δ 1 , δ 2 ) ∈ S + . Then the following conditions are equivalent.
(1) W (s) is pure of slope zero, i.e. W (s)
Proof. First we prove the theorem in the case δ 1 /δ 2 = σ:K֒→E σ(x) kσ for any {k σ } σ such that k σ ∈ Z for any σ. Let us assume that W (s) is not pure of slope zero. Then, by the slope filtration theorem for E-B-pairs (Theorem 1.35), there exist rank one E-B-pairs W (δ 3 ), W (δ 4 ) such that W (δ 3 ) is pure of slope u < 0, W (δ 4 ) is pure of slope −u > 0 and W (s) sits in the following short exact sequence
On the other hand, by definition we have a following short exact sequence
We consider the restriction to W (δ 3 ) of the projection W (s) → W (δ 2 ), which we denote f :
. We claim that f is an inclusion. Because Ker(f ) and Im(f ) are E-B-pairs by Lemma 1.6 and because W (δ 3 ) is rank one, we have exactly one of the following two cases,
. But because the slope of W (δ 1 ) is strictly bigger than the slope of W (δ 3 ) by assumption, so we have Hom(W (δ 3 ), W (δ 1 )) = 0 by [Ke07, Lemma 6.2]. This is a contradiction. So we have W (δ 3 ) ∼ → Im(f ), i.e. f is an inclusion. Then, by Proposition 3.14, we have δ 3 = δ 2 σ:K֒→E σ(x) kσ for some {k σ } σ such that k σ ∈ Z ≥0
for any σ. Then, because det(W (s)) = W (δ 1 δ 2 ) ∼ → W (δ 3 δ 4 ), we have δ 4 = δ 1 σ:K֒→E σ(x) −kσ . Let us note that the exact sequence (1) splits after pulling back by f : W (δ 3 ) ֒→ W (δ 2 ), i.e. we have
This kernel is isomorphic to
So, by Lemma 3.18, we have
Next we assume that s = [(a σ e σ ) σ ] ∈ S ′ non−ét (δ 1 , δ 2 ). Then, by Lemma 3.18, we can see that s is contained in the image of
So we have
So there is an injection g :
is the projection). If we take the saturation W (δ 3 ) of this inclusion g (Lemma 1.8) and write the cokernel by W (δ 4 ), we have the following short exact sequence
Then, by Proposition 3.14, we have (the slope of
is not pure of slope 0 by the slope filtration theorem. So we have finished the proof when δ 1 /δ 2 = σ:K֒→E σ(x) kσ for any {k σ } such that k σ ∈ Z for any σ.
Next we prove the theorem in the case δ 1 /δ 2 = σ:K֒→E σ(x) kσ for some {k σ } σ such that k σ ∈ Z for any σ. First let us assume that W (s) is not pure of slope 0. Then, as in the first case, there are rank one E-B-pairs W (δ 3 ), W (δ 4 ) such that the slope of W (δ 3 ) := u < 0 and W (s) sits in the following short exact sequence
Then we can prove as in the first case that the induced map W (δ 3 ) ֒→ W (δ 2 ) is injective and
kσ for some {k σ } σ such that k σ ∈ Z ≥0 for any σ. So we have
By Lemma 3.18, we can see that s corresponds to
Next let us assume that
Then, by Lemma 3.18, we have
In particular, as in the proof of the first case, we can see that the natural inclusion
If we take the saturation W (δ 3 ) of g and write the cokenel by W (δ 4 ), then we have (the slope of
where the first inequality follows from Proposition 3.14. So W (s) is not pure of slope 0 by the slope filtration theorem. So we have finished the proof of this theorem in all the cases.
By this proposition, we can determine all the two dimensional trianguline E-representations. For any s ∈ S(δ 1 , δ 2 ) \ S ′ non−ét (δ 1 , δ 2 ), we write V (s) the two dimensional trianguline Erepresentation such that W (V (s)) = W (s).
Next we determine when V (s) is irreducible as E-representation of G K . For this, we put
For any (δ 1 , δ 2 ) ∈ S + * , we put
We can easily see that the subset S ′ ord (δ 1 , δ 2 ) does not depend on the choice of an isomorphism
The following proposition is a generalization of [Co07a, Proposition 5.7, 5.8].
Proposition 4.5. Let (δ 1 , δ 2 ) ∈ S + and s ∈ S(δ 1 , δ 2 ) \ S ′ non−ét (δ 1 , δ 2 ). Then the following conditions are equivalent.
Proof. First let us assume that V (s) is reducible and (δ 1 , δ 2 ) / ∈ S + 0 . Because V (s) is reducible, there exist two continuous characters δ 3 , δ 4 :
Then the fact that Hom(W (E(δ 3 ) ), W (δ 1 )) = 0 (this follows from the fact that (the slope of W (E(δ 3 ))) = 0 < (the slope of W (δ 1 )) and from [Ke07, Lemma 6.2]) implies that the natural map W (E(δ 3 )) ֒→ W (δ 2 ) is an inclusion. So we haveδ 3 = δ 2 σ:K֒→E σ(x) kσ for some
. Then, as in the proof of the previous theorem, we can see that
On the other hand, we have 0
Next if (δ 1 , δ 2 ) ∈ S + 0 , then W (δ 1 ) and W (δ 2 ) are pure of slope zero, hence V (s) is reducible as E-representation.
Next let us assume that (δ
then, by the proof of Theorem 4.4, we have
We take the saturation W (δ 3 ) of this map and write the cokernel by W (δ 4 ). Then we claim that the natural inclusion W ( σ,aσ =0 σ(x) w(δ1/δ2)σ δ 2 ) ֒→ W (δ 3 ) is an isomorphism. If this is not an isomorphism, then by Proposition 3.14, W (δ 3 ) must be pure of negative slope because W ( σ,aσ =0 σ(x) w(δ1/δ2)σ δ 2 ) is pure of slope zero by assumption. Then W (s) is not pure of slope zero, which contradicts to the assumption that s ∈ S ′é t (δ 1 , δ 2 ). So
is an isomorphism. Then both W (δ 3 ) and W (δ 4 ) are pure of slope zero. So W (s) is reducible as E-representation. So we have finished the proof of this proposition.
Next let us discuss when two trianguline E-representations V (s), V (s ′ ) are isomorphic for different parameters s, s ′ . Unfortunately we cannot solve this problem in the case where δ 1 /δ 2 = σ:K֒→E σ(x) kσ for some {k σ } σ such that k σ ∈ Z for any σ and s ∈ S ′é t (δ 1 , δ 2 ). We can solve this problem in all the other cases. First we treat the case s / ∈ S ′é t (δ 1 , δ 2 ).
, then we have the following short exact sequence
We consider the natural map f : W (δ 3 ) → W (δ 2 ) as in the proof of Theorem 4.4. Then we have one of the following: Ker(f )
, then we have the following commutative diagram 
But because the former is a torsion free B + dR -module and the latter is a torsion B + dR -module, so these must be zero. So W (δ 3 ) → W (δ 1 ) and W (δ 4 ) → W (δ 2 ) are both isomorphisms. So (δ 1 , δ 2 ) = (δ 3 , δ 4 ) and s = s ′ ∈ S(δ 1 , δ 2 ).
kσ for some {k σ } σ such that k σ ∈ Z ≥0 for any σ. Then, by the proof of Theorem 4.4, we can see that s ∈ S ′ (δ 1 , δ 2 ). This is a contradiction. So we have finished the proof of this proposition.
Next we treat the case for s ∈ S ′é t (δ 1 , δ 2 ) where δ 1 /δ 2 = σ:K֒→E σ(x) kσ for any {k σ } σ such that k σ ∈ Z for any σ.
. Such a ((δ 3 , δ 4 ), s ′ ) satisfies the following:
Proof. Let us assume that V (s) δ 4 ) . Then, by the proof of the previous proposition, we can see that
kσ δ 2 for some {k σ } σ such that k σ ∈ Z ≥0 for any σ. So we get s = [(a σ e σ ) σ ] ∈ S ′é t (δ 1 , δ 2 ) and w(δ 1 /δ 2 ) σ ∈ {1, 2, · · · , k σ } for any σ such that a σ = 0. Then, by the proof of Theorem 4.4, we can see that the natural inclusion
have Hom(W ( σ:K֒→E σ(x) kσ δ 2 ), W (δ 1 )) = 0 by the assumption on (δ 1 , δ 2 ) and by Proposition 3.14, we can see that g • ι :
w(δ1/δ2)σ δ 2 ) must be isomorphic. So we have k σ = w(δ 1 /δ 2 ) σ for σ such that a σ = 0 and k σ = 0 for other σ. Then we have δ 3 = σ,aσ =0 σ(x) w(δ1/δ2)σ δ 2 and 
satisfies the condition that {σ :
, then we can see that s ′ = s ′′ in the same way as in the proof of Proposition 4.6. So such an s ′ is unique.
Next let us take any s = [a σ e σ ] ∈ S ′é t (δ 1 , δ 2 ). Then, by Lemma 3.18, we have
, which contradicts the result in the previous paragraph). If we write the cokernel of this by W (δ 4 ), then we have δ 4 = σ,aσ =0 σ(x) −w(δ1/δ2)σ δ 1 and we have the following short exact sequence
This extension corresponds to some
We have finished the proof of this proposition.
Classification of two dimensional potentially semi-stable trianguline representations
In this final section, we classify all the two dimensional potentially semi-stable trianguline E-representations. We explicitly describe the E-filtered (ϕ, N, G K )-modules associated to potentially semi-stable trianguline E-representations. Before describing these, we determine all the rank one de Rham E-B-pairs.
Lemma 5.1. Let W (δ) be a rank one E-B-pair. Then the following conditions are equivalent:
× is a locally constant character and k σ ∈ Z for any σ.
Proof. It is easy to see the implication (3) ⇒ (2) ⇒ (1). We prove that (1) implies (3). So we assume that W (δ) is Hodge-Tate with generalized Hodge-Tate weight {k σ } σ such that k σ ∈ Z for any σ. We write W (δ) 
kσ for some locally constant characterδ :
So we have finished the proof of the lemma.
Next let V (s) be a potentially semi-stable trianguline E-representation such that s ∈ S(δ 1 , δ 2 ) \ S ′ non−ét (δ 1 , δ 2 ) for some (δ 1 , δ 2 ) ∈ S + . Then we have the following short exact sequence 
and
(1) ♯{σ : K ֒→ E|k σ ∈ Z ≥1 } whenδ is not the trivial character,
Proof. For general δ, we have the following short exact sequence
When W (δ) is de Rham, we proved in Lemma 3.6 that H
We can compute the dimension of H 1 e (G K , W (δ)) by using this isomorphism.
Lemma 5.3. Let W (δ) be a rank one de Rham E-B-pair. Then we have
Proof. This follows from calculation by using Lemmas 3.7 and 3.11.
For the explicit description of potentially semi-stable trianguline E-representations, we fix an extension whose class is contained in H
and fix an extension whose class is contained in H
kσ as follows. 
(1) W e (s({k σ } σ )) := (B e ⊗ Qp E)e 1 ⊕ (B e ⊗ Qp E)e cris such that g(e 1 ) = e 1 , g(e cris ) = e cris + f deg(g)e 1 for any g ∈ G K .
e dR such that g(e 1 ) = e 1 and g(e dR ) = e dR for any g ∈ G K .
) is the isomorphism defined by ι(e 1 ) = e 1 and ι(e cris ) = e dR + a cris e 1 .
We can easily see that
Next we treat the case where
kσ . We define a continuous one cocycle c :
(1) W e (s({k σ } σ )) := (B e ⊗ Qp E(χ))e 1 ⊕ (B e ⊗ Qp E)e cris such that g(e 1 ) = χ(g)e 1 , g(e cris ) = e cris + c(g)e 1 for any g ∈ G K .
) is the isomorphism defined by ι(e 1 ) = e 1 , ι(e cris ) = e dR + log[(p)] t e 1 .
By using these classes, we can determine all the potentially cristalline trianguline representations and all the potentially semi-stable trianguline representations which are not potentially cristalline. For this, let us put
Then, by Lemma 5.3 and the above constructions, we have
Proposition 5.4. Let (δ 1 , δ 2 ) ∈ S + such that W (δ 1 ) and W (δ 2 ) are de Rham E-B-pairs. Let V (s) be a trianguline E-representation associated to s ∈ S(δ 1 , δ 2 ) \ S ′ non−ét (δ 1 , δ 2 ). Then the following conditions are equivalent:
The following conditions are equivalent:
is potentially semi-stable and not potentially cristalline.
Proof. This easily follows from Lemma 5.3. We prove in the case δ 1 /δ 2 = |N K/Qp (x)| σ σ(x) kσ . (Other cases can be proved in the same way.) First we prove that (1) is equivalent to (2). If s ∈ S ′é t (δ 1 , δ 2 ) then V (s) is potentially cristalline by Remark 3.
. From this and from the construction of s({k σ } σ ), we can easily see that
We can prove the equivalence between (3) and (4) in the same way.
Potentially cristalline trianguline representations
In this subsection, we describe explicitly the filtered (ϕ, G K )-modules of potentially cristalline trianguline E-representations. First we define parameter spaces of potentially cristalline trianguline E-representations. We put
For any locally constant character δ : K × → E × we define n(δ) ∈ Z ≥0 as the minimal n ∈ Z ≥0 such that δ| 1+π n K OK is trivial. We write for any σ
(Here π n is an element inK such that [π K ](π n+1 ) = π n for any n ∈ N and [π K ](π 1 ) = 0, K n := K(π n ) for n ∈ Z ≥1 and we identify Gal(K n /K)
∈ T cris , we define the parameter space Té t cris (δ 1 , δ 2 , {k σ } σ ) of weakly admissible filtration as follows. First, when δ 1 = δ 2 , we define
For any x ∈ Té t cris (δ 1 , δ 2 , {k σ } σ ) we want to define a rank two E-filtered (ϕ, Gal(K n(δ1,δ2) /K))-module D (δ1,δ2,{kσ }σ),x . Here we put n(δ 1 , δ 2 ) := max{n(δ 1 ), n(δ 2 )}. But we cannot canonically construct these. We must fix one more parameter for any (δ 1 , δ 2 , {k σ } σ ) ∈ T cris . For this, we consider the following short exact sequence
here
x → ϕ(x)/x and g 3 :
We can easily prove that this sequence is exact by using the
× such that g 3 (α) = δ 1 (π K ) and put β = α when δ 1 = δ 2 . Then we define D (δ1,δ2,{kσ }σ),x as follows:
(1) N (e 1 ) = 0, N (e 2 ) = 0.
(2) When δ 1 = δ 2 or when δ 1 = δ 2 and x ∈ T ′é t cris (δ 1 , δ 2 , {k σ } σ ), we put ϕ(e 1 ) = αe 1 , ϕ(e 2 ) = βe 2 . (Then
(2)' When δ 1 = δ 2 and x ∈ T ′′é t cris (δ 1 , δ 2 , {k σ } σ ), we put ϕ(e 1 ) = αe 1 , ϕ(e 2 ) = α(e 2 + e 1 ).
(ii) For σ such that k σ = 0, we put Fil
Here when δ 1 = δ 2 , then (a σ e σ ) σ ∈ ⊕ σ,kσ≥1 Ee σ is a lift of
Ee σ /∆(E). Then we claim that the isomorphism class of D (δ1,δ2,{kσ}σ ),x does not depend on the choice of a lift (a σ ) σ . We prove this claim in the case where δ 1 = δ 2 and x = (a σ e σ ) σ ∈ T ′′é t cris (δ 1 , δ 2 , {k σ } σ ). Let us take two lifts (a σ e σ ) σ , (a is an isomorphism of filtered (ϕ, G K )-modules. We can easily prove this claim in other cases.
Next we note the dependence of the choice of (α, β) as above. We only treat the case δ 1 = δ 2 . Let us take another (α
Then, by the above exact sequence (2), there exist
For stressing the dependence of the choice of (α, β), we write Té Henceforth, we fix a (α, β) for any (δ 1 , δ 2 , {k σ } σ ) ∈ T cris . In the proof of the next theorem, we will prove that these are weakly admissible filtered (ϕ, G K )-modules. So, by the "weakly admissible imply admissible" theorem [Be04, TheoremB] , for any x ∈ Té t cris (δ 1 , δ 2 , {k σ } σ ), there exists unique (up to isomorphism) two dimensional potentially cristalline E-representation V (δ1,δ2,{kσ }σ),x such that D (1) V is trianguline and potentially cristalline.
(2) There exist (δ 1 , δ 2 , {k σ } σ ) ∈ T cris and x ∈ Té t cris (δ 1 , δ 2 , {k σ } σ ) and {w σ } σ such that w σ ∈ Z for any σ, such that V ∼ → V (δ1,δ2,{kσ}σ ),x ( σ σ(χ wσ LT )).
Proof. First we prove that (1) implies (2). Let us assume that V is a trianguline and potentially cristalline E-representation. Then, by Proposition 5.4, there exists a (δ 1 , δ 2 ) ∈ S + and an s ∈ Sé t cris (δ 1 , δ 2 ) such that V ∼ → V (s). Twisting V by a suitable σ σ(χ LT (x) lσ ), we may assume that W (δ 2 ) has generalized Hodge-Tate weight {0} σ . If we write the generalized Hodge-Tate weight of W (δ 1 ) as {k σ } σ , then we have δ 1 =δ 1 σ σ(x) kσ and δ 2 =δ 2 for some locally constant charactersδ 1 ,δ 2 : K × → E × . Then the condition that (δ 1 , δ 2 ) ∈ S + is equivalent to the condition that (δ 1 ,δ 2 , {k σ } σ ) ∈ T cris . Now we explicitly calculate D K n(δ 1 ,δ 2 ) cris (V ). First we compute this in the case whereδ 1 =δ 2 orδ 1 =δ 2 and s ∈ S (1) W e (s) := W e (δ 1 ) ⊕ W e (δ 2 ) such that g(x, y) := (gx, gy) for any g ∈ G K , x ∈ W e (δ 1 ), y ∈ W e (δ 2 ). (2) in the caseδ 1 =δ 2 orδ 1 =δ 2 and s ∈ S ′é t (δ 1 , δ 2 ).
Next we compute in the case whereδ 1 =δ 2 and s ∈ S ′′ (δ 1 , δ 2 ). Then, by the construction of s({k σ } σ ) and by definition of S ′′ (δ 1 , δ 2 ) before Proposition 5.4, W (s) := (W e (s), W + dR (s), ι) is given as follows:
(1) W e (s) := W e (δ 1 ) ⊕ W e (δ 2 ) such that g(x, y) := (gx + f deg(g)gy, gy) for any g ∈ G K , x ∈ W e (δ 1 ), y ∈ W e (δ 2 ). (Here we use the fact that δ 1 /δ 2 = σ σ(x) kσ implies that W e (δ 1 ) = W e (δ 2 ) (Proposition 3.14)). (1) ϕ(e 1 ) = αe 1 , ϕ(e 2 ) = α(e 2 + e 1 ), (2) g(e 1 ) =δ 1 (χ LT (g))e 1 , g(e 2 ) =δ 1 (χ LT (g))e 2 for any g ∈ G K .
We compute the filtration on K n(δ1) ⊗ K0 D K n(δ 1 ) cris (W (s)) = (K n(δ1) ⊗ Qp E)e 1 ⊕ (K n(δ1) ⊗ Qp E)e 2 as follows. We can take a := (a σ ) ∈ D K dR (δ 1 /δ 2 ) = ⊕ σ (D K dR ⊗ K⊗ Qp E B dR ⊗ K,σ E) such that a σ = 0 for any σ such that k σ ∈ Z ≤0 . Then we can compute the filtration as in the previous case.
Then we have D K n(δ 1 ) cris (W (s)) ∼ → D (δ1,δ2,{kσ }σ),x for some x = (b σ e σ ) σ ∈ T ′′é t cris (δ 2 , {k σ } σ ) ∼ → ⊕ σ,kσ≥1 Ee σ /∆(E) such that a lift (b σ e σ ) σ of (b σ e σ ) σ satisfies {σ|b σ = 0} = {σ|a σ = 0}. So, for this x, D (δ1,δ2,{kσ }σ),x is weakly admissible and we have V (s) ∼ → V (δ1,δ2,{kσ}σ ),x . So we have proved that (1) implies (2) in all cases.
Next we prove that (2) implies (1). Let us take (δ 1 , δ 2 , {k σ } σ ) ∈ T cris . We prove this in the case δ 1 = δ 2 . (We can prove the other cases in the same way.) Let us take [(b σ e σ ) σ ] ∈ Té t cris (δ 1 , δ 2 , {k σ } σ ) ⊂ P E (⊕ σ,kσ≥1 Ee σ ). If we putδ 1 = δ 1 σ σ(x) kσ ,δ 2 = δ 2 , we can see that (δ 1 ,δ 2 ) ∈ S + . From the argument of the proof of the claim that (1) implies (2), we can see that there exists an element s = [(a σ e σ ) σ ] ∈ S ′ (δ 1 ,δ 2 ) such that D K n(δ 1 ,δ 2 ) cris (W (s)) ∼ → D (δ1,δ2,{kσ}σ ),[(bσeσ )σ] . Moreover, from the previous argument, we can also see that {σ|a σ = 0} = {σ|b σ = 0}. This implies that s is contained in S ′é t (δ 1 ,δ 2 ), i.e. W (s) = W (V (s)) for some trianguline E-representation. So we have D (δ1,δ2,{kσ}σ ),[(bσeσ )σ] is weakly admissible and V (s)
• T st := {(δ, {k σ } σ )|δ : K × → E × a locally constant character, k σ ∈ Z for any σ such that ( σ k σ ) + 2e K val p (δ(π K )) + [K : Q p ] = 0}.
For any (δ, {k σ } σ ) ∈ T st , we define the parameter space T st (δ, {k σ } σ ) of weakly admissible filtrations as follows. We define
• T st (δ, {k σ } σ ) := ⊕ σ,kσ≥1 Ee σ .
For any (a σ e σ ) σ ∈ T st (δ, {k σ } σ ) we define a rank two E-filtered (ϕ, N, Gal(K n(δ) /K))-module D (δ,{kσ}σ),(aσeσ )σ . However, as in the potentially cristallilne case, the construction depend on the choice of one more parameter. For any (δ, {k σ } σ ) ∈ T st , we fix α ∈ (K 0 ⊗ Qp E) × such that g 3 (α) = δ(π K ), where g 3 is as before. Then we define D (δ,{kσ}σ),(aσ eσ )σ := (K 0 ⊗ Qp E)e 1 ⊕ (K 0 ⊗ Qp E)e 2 as follows:
(1) N (e 2 ) = e 1 , N (e 1 ) = 0.
(2) ϕ(e 1 ) = α p e 1 , ϕ(e 2 ) = αe 2 for the fixed α ∈ (K 0 ⊗ Qp E) × , so we have ϕ f (e 1 ) = δ(πK ) q e 1 , ϕ f (e 2 ) = δ(π K )e 2 .
(3) g(e 1 ) = δ(χ LT (g))e 1 , g(e 2 ) = δ(χ LT (g))e 2 for any g ∈ G K .
(4) We put K n(δ) ⊗ K0 D (δ,{kσ}σ ),(aσeσ )σ = (K n(δ) ⊗ Qp E)e 1 ⊕(K n(δ) ⊗ Qp E)e 2 ∼ → ⊕ σ (K n(δ) ⊗ K,σ E)e 1,σ ⊕ (K n(δ) ⊗ K,σ E)e 2,σ =: ⊕ σ D σ , then (1) V is trianguline, potentially semi-stable and not potentially cristalline.
(2) There exist (δ, {k σ } σ ) ∈ T st , (a σ e σ ) σ ∈ T st (δ, {k σ } σ ) and {w σ } σ with w σ ∈ Z for any σ, such that V Proof. First we prove that (1) implies (2). Let V be as in (1). Then, by Proposition 5.4, we have V ∼ → V (s) for some s ∈ S st (δ 1 , δ 2 ) such that δ 1 /δ 2 = |N K/Qp (x)| σ σ(x) kσ for some k σ ∈ Z for any σ. Twisting V by some suitable σ σ(χ LT ) lσ , we may assume that (δ 1 , δ 2 ) = ( σ σ(x) kσ |N K/Qp (x)|δ, δ) for some locally constant character δ : K × → E × and for some 
